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STRONG MORITA EQUIVALENCE FOR INCLUSIONS OF
C∗-ALGEBRAS INDUCED BY TWISTED ACTIONS OF A
COUNTABLE DISCRETE GROUP
KAZUNORI KODAKA
Abstract. Let (α, wα) and (β, wβ) be twisted actions of a countable discrete
group G on σ-unital C∗-algebras A and B and A⋊α,wα,r G and B ⋊β,wβ,r G
the twisted reduced crossed products of A and B by (α,wα) and (β, wβ),
respectively. Then we obtain the inclusions of C∗-algebras A ⊂ A ⋊α,wα,r G
and B ⊂ B ⋊β,wβ ,r G. We suppose that A
′
∩M(A ⋊α,wα,r G) = C1. In this
paper, we show that if A ⊂ A ⋊α,wα,r G and B ⊂ B ⋊β,wβ ,r G are strongly
Morita equivalent, then there is an automorphism φ of G such that (αφ, wφα)
and (β, wβ) are strongly Morita equivalent, where (α
φ, w
φ
α) is the twisted
action of G on A defined by αφt (a) = αφ(t)(a) and w
φ
α(t, s) = wα(φ(t), φ(s))
for any t, s ∈ G, a ∈ A.
1. Introduction
In the previous papers [10], [11], we discussed strong Morita equivalence for
twisted coactions of a finite dimensional C∗-Hopf algebra on unital C∗-algebras
and unital inclusions of unital C∗-algebras. Also, in [12], we clarified the relation
between strong Morita equivalence for twisted coactions of a finite dimensional C∗-
Hopf algebra and strong Morita equivalence for their unital inclusions of the unital
C∗-algebras induced by the twisted coactions of the finite dimensional C∗-Hopf
algebra on the unital C∗-algebras. In the present paper, we shall discuss the same
subject as above in the case of twisted actions of a countable discrete group on
C∗-algebras.
Let (α,wα) and (β,wβ) be twisted actions of a countable discrete group G on
σ-unital C∗-algebras A and B and A×α,wα,rG and B⋊β,wβ,rG the twisted reduced
crossed products of A and B by (α,wα) and (β,wβ), respectively. Then we obtain
the inclusions of C∗-algebras A ⊂ A ⋊α,wα,r G and B ⊂ B ⋊β,wβ,r G. We note
that A(A⋊α,wα,r G) = A⋊α,wα,r G and B(B ⋊β,wβ,r G) = B ⋊β,wβ,r G by routine
computations. In this paper, we review that if (α,wα) and (β,wβ) are strongly
Morita equivalent, then in the same way as in Combes [5] or Curto, Muphy and
Williams [6], the inclusions A ⊂ A ⋊α,wα,r G and B ⊂ B ⋊β,wβ,r G are strongly
Morita equivalent by easy computations. However, its inverse is not clear. We
shall show the following: We suppose that A and B are σ-unital and that A′ ∩
M(A ⋊α,wα,r G) = C1. If the inclusions A ⊂ A ⋊α,wα,r G and B ⊂ B ⋊β,wβ,r G
are strongly Morita equivalent, then there is an automorphism φ of G such that
(αφ, wφα) and (β,wβ) are strongly Morita equivalent, where (α
φ, wφα) is the twisted
action of G on A defined by αφt (a) = αφ(t)(a) and w
φ
α(t, s) = wα(φ(t), φ(s)) for any
t, s ∈ G, a ∈ A. This result is similar one to [12, Theorem 6.2].
Let K be the C∗-algebra of all compact operators on a countably infinite dimen-
sional Hilbert space and {eij}ij∈N its system of matrix units. For each C∗-algebra
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A, we denote by M(A) the multiplier C∗-algebra of A. Let pi be an isomorphism of
A onto a C∗-algebra B. Then there is the unique strictly continuous isomorphism
of M(A) onto M(B) extending pi by Jensen and Thomsen [7, Corollary 1.1.15]. We
denote it by pi. For an algebra A, we denote 1A and idA the unit element in A and
the identity map on A, respectively. If no confusion arises, we denote them by 1
and id, respectively. Throughout this paper, we denote by G a countable discrete
group with the unit element e.
2. Preliminaries
First, we give some definitions. Let A be a C∗-algebra and G a countable discrete
group with the unit element e. Let Aut(A) be the group of all automorphisms of
A and U(M(A)) the group of all unitary elements in M(A).
Definition 2.1. By a twisted action (α,wα) of G on A, we mean a map α from G
to Aut(A) and a map wα from G×G to U(M(A)) satisfying following:
(1) αt ◦ αs = Ad(wα(t, s)) ◦ αts,
(2) wα(t, s)wα(ts, r) = αt(wα(s, r))wα(t, sr),
(3) wα(t, e) = wα(e, t) = 1M(A)
for any t, s, r ∈ G.
By easy computations, for any t ∈ G,
αe = id, wα(t, t
−1) = αt(wα(t
−1, t)),
α−1t = αt−1 ◦Ad(wα(t, t
−1)∗) = Ad(wα(t
−1, t)∗) ◦ αt−1
Let (α,wα) be a twisted action of G on a C
∗-algebra A. Then we have a twisted
action (α,wα) of G on M(A) such that αt is the unique strictly continuous auto-
morphism of M(A) extending αt to M(A) for any t ∈ G.
Let A and B be C∗algebras. Let X be an A−B-equivalence bimodule. For any
a ∈ A, b ∈ B, x ∈ X , we denote by a · x the left A-action on X and by x · b the
right B-action on X . Let X˜ be the dual B − A-equivalence bimodule of X and
x˜ denotes the element in X˜ induced by an element x ∈ X . Also, we regard X as
a Hilbert M(A) −M(B)-bimodule in the sense of Brown, Mingo and Shen [3] as
follows: Let BB(X) be the C
∗-algebra of all adjointable right B-linear operators
on X . We note that an adjointable right B-linear operator on X is bounded. Then
BB(X) can be identified with M(A). Similarly let AB(X) be the C
∗-algebra of all
adjointable left A-linear operators on X and AB(X) is identified with M(B). In
this way, we regard X as a Hilbert M(A) −M(B)-bimodule. Let Aut(X) be the
group of all bijective linear maps on X .
Definition 2.2. Let (α,wα) and (β,wβ) be twisted actions of G on a C
∗-algebra
A. We say that (α,wα) and (β,wβ) are exterior equivalent if there are unitary
elements {wt}t∈G ⊂M(A) satisfying the following:
(1) βt = Ad(wt) ◦ αt,
(2) wts = wβ(t, s)
∗wtαt(ws)wα(t, s)
for any t, s ∈ G.
Definition 2.3. Let (α,wα) and (β,wβ) be twisted actions of G on C
∗-algebraA and
B, respectively. We say that (α,wα) and (β,wβ) are strongly Morita equivalent
if there are an A − B-equivalence bimodule X and a map λ from G to Aut(X)
satisfying the following:
(1) αt(A〈x, y〉) = A〈λt(x) , λt(y)〉,
(2) βt(〈x, y〉B) = 〈λt(x) , λt(y)〉B ,
(3) (λt ◦ λs)(x) = wα(t, s) · λts(x) · wβ(t, s)
∗
for any t, s ∈ G, x, y ∈ X , where we regard X as a Hilbert M(A)−M(B)-bimodule
in the above way.
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We note that if twisted actions (α,wα) and (β,wβ) of G on A are exterior
equivalent, then they are strongly Morita equivalent. Now we show it.
Let (α,wα) and (β,wβ) be twisted actions of G on A and B, respectively. We
suppose that they are strongly Morita equivalent. Also, we suppose that there
are an A − B-equivalence bimodule X and a map λ from G to Aut(X) satisfying
Conditions (1)-(3) in Definition 2.3. We show that the inclusions of C∗-algebras
A ⊂ A⋊α,wα,r G and B ⊂ B ⋊β,wβ,r G are strongly Morita equivalent in the same
way as in Combes [5] or Curto, Muhly and Williams [6]. Let LX be the linking
C∗-algebra for X defined by
LX =
[
A X
X˜ B
]
= {
[
a x
y˜ b
]
| a ∈ A , b ∈ B, x, y ∈ X}.
Let t, s ∈ G. Let γt be the map on LX defined by
γt(
[
a x
y˜ b
]
) =
[
αt(a) λt(x)
λ˜t(y) βt(b)
]
for any
[
a x
y˜ b
]
∈ LX . Also, let wγ(t, s) be the unitary element in M(LX) defined
by
wγ(t, s) =
[
wα(t, s) 0
0 wβ(t, s)
]
.
Then by routine computations, we can see that (γ, wγ) is a twisted action of G on
LX . Let LX ⋊γ,wγ ,r G be the twisted reduced crossed product of LX by (γ, wγ).
Let p =
[
1 0
0 0
]
and q =
[
0 0
0 1
]
. Then p and q are projections in M(LX) ⊂
M(LX ⋊γ,wγ ,r G) and they are full in LX ⋊γ,wγ ,r G. Let Y = p(LX ⋊γ,wγ ,r G)q.
Then Y is an A ⋊α,wα,r G − B ⋊β,wβ,r G-equivalence bimodule and by routine
computations, the inclusions of C∗algebras A ⊂ A⋊α,wα,r G and B ⊂ B ⋊β,wβ,r G
are strongly Morita equivalent with respect Y and its closed subspace X . Hence
we obtain the following proposition.
Proposition 2.1. Let (α,wα) and (β,wβ) be twisted actions of a countable discrete
group G on C∗-algebras A and B, respectively. If (α,wα) and (β,wβ) are strongly
Morita equivalent, then the inclusions of C∗algebras A ⊂ A ⋊α,wα,r G and B ⊂
B ⋊β,wβ,r G are strongly Morita equivalent.
Let (α,wα) be a twisted action of G on A. Then we have (α⊗ idK , wα⊗1M(K)),
the twisted action of G on A⊗K. Hence we obtain the inclusions of C∗algebras
A ⊂ A⋊α,wα,r G,
A⊗K ⊂ (A⊗K)⋊α⊗id,wα⊗1,r G.
Also, we have the inclusion of C∗algebras
A⊗K ⊂ (A⋊α,wα,r G)⊗K.
Then there is an isomorphism of (A ⊗K) ⋊α⊗id,wα⊗1,r G onto (A ⋊α,wα,r G) ⊗K
such that its restriction to A⊗K is the identity map on A⊗K. Thus
A⊗K ⊂ (A⊗K)⋊α⊗id,wα⊗1,r G
and
A⊗K ⊂ (A⋊α,wα,r G)⊗K
are isomorphic as inclusions of C∗-algebras. We identify them as inclusions of
C∗-algebras in this paper
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We regard A and M(A) as C∗-subalgebras of A⋊α,wα,r G and M(A)⋊α,wα,r G
in the usual way, respectively. We note that we have the following inclusions of
C∗-algebras:
A ⊂ A⋊α,wα,r G ⊂M(A⋊α,wα,r G)
M(A) ⊂M(A)⋊α,wα,r G ⊂M(A⋊α,wα,r G).
We construct a conditional expectation from A⋊α,wα,r G onto A. Before we do it,
we give a definition of a conditional expectation from C onto A, where A and C
are C∗-algebras with A ⊂ C.
Definition 2.4. Let EA be a positive linear map from C onto A. We say that EA
is a conditional expectation from C onto A if EA satisfies the following conditions:
(1) ||EA|| ≤ 1,
(2) EA ◦ EA = EA,
(3) EA(ac) = aEA(c), EA(ca) = EA(c)a for any a ∈ A, c ∈ C.
Let EM(A) be the faithful canonical conditional expectation fromM(A)⋊α,wα,rG
onto M(A) defined in Be´dos and Conti [1, Section 3]. Let EA = EM(A)|A⋊α,wα,rG.
Then it is a faithful conditional expectation from A⋊α,wα,r G onto A.
For each t ∈ G, let δt be the function on G defined by
δt(s) =
{
1 if s = t
0 if s 6= t.
We regard δt as an element in M(A⋊α,wα,r G) (See Pedersen [13]). Let {ui}i∈I be
an approximate unit of A with ||ui|| ≤ 1 for any i ∈ I. We fix the approximate
unit {ui}i∈I of A in this paper. Let x ∈ M(A⋊α,wα,r G). Then {E
A(x(uiδt))}i∈I
is a Cauchy net in A under the strict topology for any t ∈ G by easy computations
since αt(a) = δtaδ
∗
t for any t ∈ G and a ∈ A. Let xt−1 = limi E
A(x(uiδt)) for any
x ∈ A ⋊α,wα,r G and t ∈ G, where the limit is taken under the strict topology in
M(A). Then xt ∈M(A) for any t ∈ G.
Definition 2.5. Let x ∈ M(A ⋊α,wα,r G). For any t ∈ G, let xt be an element in
M(A) defined in the above. We call xt the Fourier coefficient of x ∈M(A⋊α,wα,rG)
at t ∈ G with respect to the approximate unit {ui}i∈I . And we call {xt}t∈G the
Fourier coefficients of x ∈ M(A ⋊α,wα,r G) with respect to the approximate unit
{ui}i∈I . Furthermore, a formal series
∑
t∈G xtδt is called the Fourier series of x
with respect to the approximate unit {ui}i∈I .
Lemma 2.2. With the above notation, let x ∈ A ⋊α,wα,r G. If xt = E
A(xδt) = 0
for any t ∈ G, then x = 0.
Proof. For any a ∈ A, t ∈ G,
0 = EA(xδt)α
−1
t (a) = E
A(xδtα
−1
t (a)) = E
A(xaδt)
since αt(a) = δtaδ
∗
t . Since A⋊α,wα,rG is a closed linear span of {aδt | a ∈ A , t ∈ G},
EA(xy) = 0 for any y ∈ A⋊α,wα,r G. Since E
A is faithful, x = 0. 
Lemma 2.3. With the above notation, let x ∈M(A⋊α,wα,r G). If xt, the Fourier
coefficient of x at any t ∈ G is zero, then x = 0.
Proof. For any t ∈ G, a ∈ A,
0 = xt−1α
−1
t (a) = lim
i
EA(x(uiδt))α
−1
t (a) = lim
i
EA(x(uia)δt) = E
A(xaδt).
since αt(a) = δtaδ
∗
t . Since E
A(xaδt) is the Fourier coefficient of the element xa at
t−1 ∈ G, by Lemma 2.2, xa = 0 for any a ∈ A. Hence x = 0. 
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3. Relative commutants of inclusions of σ-unital C∗-algebras
Let A be a C∗-algebra and p a projection in M(A ⊗ K). We note that by
[7, E 1.1.8], there is an isomorphism of M(p(A ⊗ K)p) onto pM(A ⊗ K)p such
that its restriction to p(A ⊗K)p is the identity map on p(A ⊗ K)p. We identify
M(p(A⊗K)p) with pM(A⊗K)p by the above isomorphism. We begin this section
with the following lemma:
Lemma 3.1. Let A ⊂ C be an inclusions of C∗-algebras with AC = C. Then the
following conditions are equivalent:
(1) A′ ∩M(C) = C1,
(2) (A⊗K)′ ∩M(C ⊗K) = C1.
Proof. (1)⇒ (2): Let x ∈ (A⊗K)′ ∩M(C ⊗K). Then for any a ∈ A, k ∈ K,
x(a⊗ k) = (a⊗ k)x.
Since A is dense in M(A) under the strict topology, x(1 ⊗ k) = (1 ⊗ k)x for any
k ∈ K. We note that
(1⊗ e11)M(C ⊗K)(1⊗ e11) =M((1 ⊗ e11)(C ⊗K)(1⊗ e11))
=M(C ⊗ e11) = M(C)⊗ e11.
For any a ∈ A,
(1⊗ e11)x(1 ⊗ e11)(a⊗ e11) = (a⊗ e11)(1⊗ e11)x(1 ⊗ e11).
Since A′ ∩M(C) = C1, there is a c ∈ C such that (1⊗ e11)x(1⊗ e11) = c(1⊗ e11).
Thus x(1 ⊗ e11) = c(1⊗ e11). For any n ∈ N,
x(1⊗ enn) = x(1 ⊗ en1)(1⊗ e11)(1 ⊗ e1n)
= (1⊗ en1)x(1 ⊗ e11)(1 ⊗ e1n)
= (1⊗ en1)c(1 ⊗ e11)(1⊗ e1n)
= c(1⊗ enn).
Therefore, x = c1. Thus (A ⊗K)′ ∩M(C ⊗K). (2) ⇒ (1): Let x ∈ A′ ∩M(C).
Then x⊗ 1 ∈M(C ⊗K). For any a ∈ A, k ∈ K,
(a⊗ k)(x⊗ 1) = ax⊗ k = xa⊗ k = (x ⊗ 1)(a⊗ k).
Thus x ⊗ 1 ∈ (A ⊗K)′ ∩M(C ⊗K) = C1. Therefore, there is a c ∈ C such that
x ⊗ 1 = c(1 ⊗ 1). Hence since x = c1 ∈ C for any x ∈ A′ ∩M(C), A′ ∩M(C) =
C1. 
Let A and B be σ-unital C∗-algebras and A ⊂ C and B ⊂ D inclusions of
C∗-algebras with AC = C and BD = D. Then C and D are also σ-unital. We
suppose that A ⊂ C and B ⊂ D are strongly Morita equivalent. Then in the
same way as in the proof of [9, Proposition 3.5] or Brown, Green and Rieffel [2,
Proposition 3.1], there is an isomorphism θ of D⊗K onto C ⊗K such that θ|B⊗K
is an isomorphism of B ⊗ K onto A ⊗ K. Let p = θ(1M(B) ⊗ e11). Then p is a
projection in M(A⊗K) ⊂ M(C ⊗K) and p is full in A ⊗K and C ⊗K, that is,
(A⊗K)p(A⊗K) = A ⊗ K and (C ⊗K)p(C ⊗K) = C ⊗K. By the definitions
of θ and p, the unital inclusion of unital C∗-algebras B ⊂ D is isomorphic to the
unital inclusion of unital C∗-algebras p(A⊗K)p ⊂ p(C ⊗K)p as unital inclusions
of unital C∗-algebras. We show that if B′ ∩M(D) = C1, then A′ ∩M(C) = C1.
Lemma 3.2. With the above notation,
(A⊗K)′ ∩M(C ⊗K) ∼= ((A⊗K)′ ∩M(C ⊗K))p.
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Proof. Let pi be the map from (A⊗K)′∩M(C⊗K) to ((A⊗K)′∩M(C⊗K))p defined
by pi(x) = xp for any x ∈ (A⊗K)′∩M(C⊗K). Let x ∈ (A⊗K)′∩M(C⊗K). Then
for any a ∈ A ⊗K, xa = ax. Hence xa = ax for any a ∈ M(A⊗K). This implies
that pi is a homomorphism of (A⊗K)′ ∩M(C ⊗K) to ((A⊗K)′ ∩M(C ⊗K))p. It
is clear that pi is surjective. We show that pi is injective. We suppose that pi(x) = 0.
Then xp = 0. For any y, z ∈ A⊗K, yxpz = 0. Since x ∈ (A⊗K)′, xypz = 0. Since
(A⊗K)p(A⊗K) = A ⊗K, xa = 0 for any a ∈ A⊗K. Therefore x = 0. Since pi
is injective, we obtain the conclusion. 
Lemma 3.3. With the above notation,
((A⊗K)′ ∩M(C ⊗K))p ⊂ (p(A ⊗K)p)′ ∩ pM(C ⊗K)p.
Proof. Let x ∈ ((A⊗K)′ ∩M(C ⊗K))p. We note that xp = px. Then xa = ax for
any a ∈ A⊗K. Hence xpap = papx for any a ∈ A⊗K. Hence x ∈ (p(A⊗K)p)′ ∩
pM(C ⊗K)p. 
Lemma 3.4. With the above notation and assumptions, if B′ ∩M(D) = C1, then
A′ ∩M(C) = C1.
Proof. Since B′∩M(D) = C1, by the discussions before Lemma 3.2, (p(A⊗K)p)′∩
pM(C⊗K)p = Cp. Hence by Lemma 3.3 ((A⊗K)′ ∩M(C ⊗K))p = Cp. Also, by
Lemma 3.2, (A⊗K)′∩M(C⊗K) = C1. Thus by Lemma 3.1, A′∩M(C) = C1. 
4. Free twisted actions of a countable discrete group
Following Zarikian [15] or Choda and Kosaki [4], we give the following definitions.
Let α be an automorphism of a C∗-algebra A.
Definition 4.1. We say that α is inner if there is a unitary element w ∈M(A) such
that α = Ad(w). We say that α is outer if α is not inner.
Definition 4.2. We say that α is free if α satisfies the following conditions:
If x ∈M(A) satisfies that xa = α(a)x for any a ∈ A, then x = 0.
Let (α,wα) be a twisted action of G on a C
∗-algebra A.
Definition 4.3. We say that (α,wα) is free if the automorphism αt is free for any
t ∈ G \ {e}.
Definition 4.4. We say that (α,wα) is outer if αt is outer for any t ∈ G \ {e}.
Let (α,wα) be a twisted action of G on a unital C
∗algebra A. Let EA be
the faithful canonical conditional expectation from A ⋊α,wα,r G onto A defined in
Section 2. In the same way as Zarikian [15, Theorem 3.1.2], we obtain the following
proposition.
Proposition 4.1. With the above notation, the following conditions are equivalent:
(1) The conditional expectation EA is unique,
(2) A′ ∩ (A⋊α,wα,r G) = A
′ ∩ A,
(3) the twisted action (α,wα) is free.
Proof. (1)⇒ (2): Since EA is an A−A-bimodule map, EA(A′ ∩ (A⋊α,wα,r G)) =
A′ ∩ A. Let x be a selfadjoint element in A′ ∩ (A ⋊α,wα,r G) with ||x|| < 1. Then
1 − x is a positive invertible element in A′ ∩ (A ⋊α,wα,r G) and 1 − E
A(x) is a
positive invertible element in A′ ∩ A. Let F be the map from A ⋊α,wα,r G onto A
defined by
F (a) = EA((1− x)
1
2 a(1− x)
1
2 )(1− EA(x))−1.
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Then by easy computation, F is a conditional expectation from A ⋊α,wα,r G onto
A. Hence by the assumption, F = EA. Thus
EA(x) = F (x) = EA((1 − x)x)(1 − EA(x))−1.
Hence EA(x)2 = EA(x2). It follows that x is in the multiplicative domain of EA.
Thus EA|A′∩(A⋊α,wα,rG) is a homomorphism of A
′ ∩ (A ⋊α,wα,r G) onto A
′ ∩ A by
Størmer [14, Proposition 2.1.5]. Since EA is faithful, EA|A′∩(A⋊α,wα,rG) is injective.
Hence x = EA(x) for any x ∈ A′∩(A⋊α,wα,rG) since E
A(x−EA(x)) = 0. Therefore
A′ ∩ (A⋊α,wα,r G) = A
′ ∩ A.
(2) ⇒ (3): Let t ∈ G \ {e} and x ∈ A. We suppose that xa = αt(a)x for any
a ∈ A. Then since αt(a) = δtaδ
∗
t , δ
∗
t xa = aδ
∗
t x for any a ∈ A. Hence δ
∗
t x ∈
A′ ∩ (A ⋊α,wα,r G). By the definition of E
A, EA(δ∗t x) = 0. On the other hand,
since A′ ∩ (A⋊α,wα,r G) = A
′ ∩ A, EA(δ∗t x) = δ
∗
t x. Hence x = 0.
(3) ⇒ (1): We suppose that (α,wα) is free. Let F be a conditional expectation
from A⋊α,wα,r G onto A. Let G \ {e}. For any a ∈ A,
F (δt)a = F (δta) = F (αt(a)δt) = αt(a)F (δt)
since αt(a) = δtaδ
∗
t . Since (α,wα) is free, F (δt) = 0. Hence F = E
A since
EA(aδt) = 0 for any a ∈ A, t ∈ G \ {e}. 
Let (α,wα) be a twisted action of G on a C
∗algebra A and let (α,wα) the
twisted action of G on the C∗algebra M(A) induced by (α,wα). Let EM(A) be the
faithful canonical conditional expectation fromM(A)⋊α,wα,rG ontoM(A) defined
in Section 2. We note that EA = EM(A)|A⋊α,wα,rG, a conditional expectation from
A⋊α,wα,r G onto A.
Corollary 4.2. With the above notation, the following conditions are equivalent:
(1) A′ ∩M(A⋊α,wα,r G) = C1,
(2) A′ ∩M(A) = C1 and (α,wα) is free.
Proof. (1) ⇒ (2): It is clear that A′ ∩M(A) = C1. We show that (α,wα) is free.
Since M(A)⋊α,wα,r G ⊂M(A⋊α,wα,r G),
M(A)′ ∩ (M(A)⋊α,wα,r G) ⊂ A
′ ∩M(A⋊α,wα,r G) = C1.
Hence by Proposition 4.1, (α,wα) is free. Let t ∈ G \ {e} and x ∈ M(A). We
suppose that xa = αt(a)x for any a ∈ A. Then since αt is strictly continuous,
xa = αt(a)x for any a ∈ M(A). Hence x = 0 since (α,wα) is free. Thus (α,wα) is
free. (2)⇒ (1): Let x ∈ A′ ∩M(A⋊α,wα,r G). For any t ∈ G let xt be the Fourier
coefficient of x at t ∈ G \ {e} defined in Section 3. Then for any a ∈ A,
xt−1a = lim
i
EA(x(uiδt))a = lim
i
EA(x(uiδt)a) = lim
i
EA(x(uiαt(a))δt)
= EA(xαt(a)δt) = E
A(αt(a)xδt) = lim
i
EA(αt(a)uixδt)
= αt(a) lim
i
EA(uixδt) = αt(a)xt−1 .
Since (α,wα) is free xt = 0 for any t ∈ G \ {e}. Hence x = xe by Lemma 2.3,
where xe is regarded as an element in M(A⋊α,wα,r G) and the Fourier coefficient
of xe at any t ∈ G \ {e} is zero. Since A
′ ∩M(A) = C1, x = xe ∈ C1. Therefore
A′ ∩M(A⋊α,wα,r G) = C1. 
Lemma 4.3. Let (α,wα) be a free twisted action of G on a C
∗-algebra A. Then
(α⊗ id, wα ⊗ 1) is a free twisted action of G on A⊗K.
Proof. Let t ∈ G \ {e}. Let x be an element in M(A⊗K) satisfying that
xy = (αt ⊗ id)(y)x
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for any y ∈ A⊗K. Then we see that
xy = (αt ⊗ id)(y)x
for any y ∈M(A)⊗K. Hence we see that
x(1 ⊗ eii) = (1⊗ eii)x
for any i ∈ N. Also, we can see that
x(a⊗ eii) = (αt(a)⊗ eii)x
for any a ∈ A, i ∈ N. Hence
(1⊗ eii)x(1 ⊗ eii)(a⊗ eii) = (αt(a)⊗ eii)(1⊗ eii)x(1 ⊗ eii)
for any a ∈ A, i ∈ N. Since (α,wα) is a free twisted action on A and we can identify
A with (1⊗ eii)(A⊗K)(1 ⊗ eii),
(1⊗ eii)x(1 ⊗ eii) = 0
for any i ∈ N. Thus since x(1 ⊗ eii) = 0 for any i ∈ N, x = 0. 
Lemma 4.4. Let (α,wα) be a twisted action of G on a C
∗-algebra A. If (α,wα)
is free, then (α,wα) is outer. Furthermore, if A
′ ∩M(A) = C1, then the inverse
holds.
Proof. We suppose that (α,wα) is free. We suppose that (α,wα) is not outer.
Then there are an element t ∈ G \ {e} and a unitary element w ∈M(A) such that
αt = Ad(w). Thus for any a ∈ A, αt(a) = waw
∗. Hence wa = αt(a)w for any
a ∈ A. Since (α,wα) is free, w = 0. This is a contradiction. Therefore, (α,wα)
is free. Next, we suppose that A′ ∩M(A) = C1 and that (α,wα) is outer. We
suppose that (α,wα) is not free. Then there are an element t ∈ G \ {e} and a non-
zero element x ∈M(A) such that xa = α(a)x for any a ∈ A. Hence ax∗ = x∗αt(a)
for any a ∈ A. Thus x∗xa = x∗αt(a)x = ax∗x for any a ∈ A. Hence x∗x ∈ C1.
Also, αt(a)xx
∗ = xax∗ = xx∗αt(a) for any a ∈ A. Thus xx∗ ∈ C1. It follows that
there is a c ∈ R with c > 0 such that x∗x = xx∗ = c1. Let w = 1√
c
x. Then w
is a unitary element in M(A) such that αt(a) = waw
∗ for any a ∈ A. This is a
contradiction. Therefore, (α,wα) is free. 
5. Strong Morita equivalence for inclusions of C∗-algebras
Let (α,wα) and (β,wβ) be twisted actions of G on σ-unital C
∗-algebras A and B
and A⋊α,wα,rG and B⋊β,wβ ,rG the twisted reduced crossed products of A and B
by (α,wα) snd (β,wβ), respectively. Then we obtain the inclusions of C
∗-algebras
A ⊂ A ⋊α,wα,r G and B ⊂ B ⋊β,wβ,r G. We suppose that A ⊂ A ⋊α,wα,r G and
B ⊂ B⋊β,wβ,rG are strongly Morita equivalent. We regardK as the trivial K−K-
equivalence bimodule. Then the inclusions of C∗algebrasA⊗K ⊂ (A⋊α,wα,rG)⊗K
and B ⊗K ⊂ (B ⋊β,wβ,r G)⊗K are also strongly Morita equivalent. Hence in the
same way as in the proof of [9, Proposition 3.5] or Brown, Green and Rieffel [2,
Proposition 3.1], there is an isomorphism θ of (A ⋊α,wα,r G) ⊗K onto (B ⋊β,wβ,r
G) ⊗K such that θ|A⊗K is an isomorphism of A ⊗K onto B ⊗K. Also, by the
discussions of Preliminaries, the inclusions of C∗-algebrasA⊗K ⊂ (A⋊α,wα,rG)⊗K
and B⊗K ⊂ (B⋊β,wβ,rG)⊗K are isomorphic to A⊗K ⊂ (A⊗K)⋊α⊗id,wα⊗1,rG
and B ⊗ K ⊂ (B ⊗ K) ⋊β⊗id,wβ⊗1,r G as inclusions of C
∗-algebras, respectively.
Thus θ can be regarded as an isomorphism of (A ⊗K) ⋊α⊗id,wα⊗1,r G onto (B ⊗
K)⋊β⊗id,wβ⊗1,r G such that θ|A⊗K is an isomorphism of A⊗K onto B ⊗K. Let
θr = θ|A⊗K. Let γt = θr ◦ (αt ⊗ id) ◦ θ−1r and wγ(t, s) = θr(wα(t, s) ⊗ 1) for any
t, s ∈ G.
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Lemma 5.1. With the above notation, (α ⊗ id, wα ⊗ 1) and (γ, wγ) are strongly
Morita equivalent.
Proof. Let θr be the isomorphism of A ⊗ K onto B ⊗ K defined as above. Let
Xθ−1r be the A⊗K−B⊗K-equivalence bimodule defined in the following way: Let
Xθ−1r = A⊗K as vector spaces over C. For any a ∈ A⊗K, b ∈ B⊗K, x, y ∈ Xθ−1r ,
a · x = ax, x · b = xθ−1r (b),
A⊗K〈x, y〉 = xy
∗, 〈x, y〉B⊗K = θr(x
∗y).
By easy computations, Xθ−1r is an A⊗K−B ⊗K-equivalence bimodule. For any
t ∈ G, let λt be the linear automorphism of Xθ−1r defined by
λt(x) = (αt ⊗ id)(x)
for any x ∈ Xθ−1r . Then
A⊗K〈λt(x) , λt(y)〉 = (αt ⊗ id)(xy
∗) = (αt ⊗ id)(A⊗K〈x, y〉),
〈λt(x) , λt(y)〉B⊗K = θr((αt ⊗ id)(x
∗y)) = γt(θr(x
∗y)) = γt(〈x, y〉B⊗K)
for any x, y ∈ Xθ1r , t ∈ G. Therefore, we obtain the conclusion. 
Also, the twisted C∗-dynamical systems (A ⊗ K, G, α ⊗ id, wα ⊗ 1) and (B ⊗
K, G, γ, wγ) are covariantly isomorphic. Thus there is an isomorphism piθ of (A ⊗
K) ⋊α⊗id,wα⊗1,r G onto (B ⊗ K) ⋊γ,wγ,r G such that piθ|A⊗K = θr. Let ρ be
the isomorphism of (B ⊗ K) ⋊β⊗id,wβ⊗1,r G onto (B ⊗ K) ⋊γ,wγ ,r G defined by
ρ = piθ ◦ θ
−1. Then for any b ∈ B ⊗K
ρ(b) = (piθ ◦ θ
−1)(b) = θr(θ
−1
r (b)) = b.
Thus ρ|B⊗K = id on B ⊗ K. For any t ∈ G, let u
β⊗id
t be a unitary element in
M((B ⊗ K) ⋊γ,wγ ,r G) implementing βt ⊗ id. Let vt = ρ(u
β⊗id
t ) for any t ∈ G.
Then for any b ∈ B ⊗K,
vtbv
∗
t = ρ(u
β⊗id
t )ρ(b)ρ(u
β⊗id ∗
t ) = ρ((βt ⊗ id)(b)) = (βt ⊗ id)(b).
Hence vtb = (βt⊗ id)(b)vt for any b ∈ B⊗K, t ∈ G. Let {Ui}i∈I be an approximate
unit of B⊗K. Let {bts}s∈G be the Fourier coefficients of vt inM((B⊗K)⋊γ,wγ ,rG)
with respect to the approximate unit {Ui}i∈I of B ⊗K.
Lemma 5.2. With the above notation, for any t, s ∈ G, b ∈ B ⊗K,
btsb = ((βt ⊗ id) ◦ γ
−1
s )(b)b
t
s. (∗)
Proof. Let uγs be a unitary element in M((B ⊗K)⋊γ,wγ ,r G) implementing γs for
any s ∈ G. Let t ∈ G and b ∈ B ⊗K. Then the Fourier series of vtb with respect
to the approximate unit {Ui}i∈I of B ⊗K is:∑
s∈G
btsu
γ
sb =
∑
s∈G
btsγs(b)u
γ
s .
And the Fourier series of (βt⊗id)(b)vt with respect to the approximate unit {Ui}i∈I
of B ⊗K is: ∑
s∈G
(βt ⊗ id)(b)b
t
su
γ
s .
Since vtb = (βt ⊗ id)(b)vt,
btsγs(b) = (βt ⊗ id)(b)b
t
s
for any t, s ∈ G, b ∈ B ⊗K. Since b is an arbitrary element in B ⊗K, replacing b
by γ−1s (b),
btsb = (βt ⊗ id)(γ
−1
s (b))b
t
s
for any t, s ∈ G, b ∈ B ⊗K. 
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We suppose that the actions (α ⊗ id, wα ⊗ 1) and (β ⊗ id, wβ ⊗ 1) are free on
A⊗K and B⊗K, respectively and that (B ⊗K)′ ∩M(B⊗K) = C1M(B⊗K). Let
t be any element in G. Since vt 6= 0, there is an element s0 ∈ G such that b
t
s0
6= 0.
Since s0 ∈ G is depending on t ∈ G, we denote it by φ(t). Hence b
t
φ(t) 6= 0 and by
Lemma 5.2 for any b ∈ B ⊗K,
btφ(t)b = ((βt ⊗ id) ◦ γ
−1
φ(t))(b)b
t
φ(t).
Since (B ⊗K)′ ∩M(B ⊗K) = C1, by the proof of Lemma 4.4, there is a unitary
element wt ∈M(B ⊗K) such that
((βt ⊗ id) ◦ γ
−1
φ(t))(b) = wtbw
∗
t
for any b ∈ B ⊗K. That is,
(βt ⊗ id)(b) = wtγφ(t)(b)w
∗
t
for any b ∈ B ⊗K. Thus for any s ∈ G, b ∈ B ⊗K,
(βt ⊗ id)(γs−1(b)) = wtγφ(t)(γs−1(b))w
∗
t .
By Equation (∗) in Lemma 5.2 and the above equation,
btsb = (βt ⊗ id)(γ
−1
s (b))b
t
s
= ((βt ⊗ id) ◦Ad(wγ(s
−1, s)∗ ◦ γs−1)(b)b
t
s
= [Ad((βt ⊗ id)(wγ(s
−1, s)∗)) ◦ (βt ⊗ id) ◦ γs−1 ](b)b
t
s
= [Ad((βt ⊗ id)(wγ(s
−1, s)∗)) ◦Ad(wt) ◦ γφ(t) ◦ γs−1 ](b)b
t
s
= [Ad((βt ⊗ id)(wγ(s
−1, s)∗)wt) ◦Ad(wγ(φ(t), s
−1) ◦ γφ(t)s−1 ](b)b
t
s
= [Ad((βt ⊗ id)(wγ(s
−1, s)∗)wtwγ(φ(t), s
−1)) ◦ γφ(t)s−1 ](b)b
t
s.
Hence
wγ(φ(t), s
−1)∗w∗t (βt ⊗ id)(wγ(s
−1, s))btsb
= γφ(t)s−1(b)wγ(φ(t), s
−1)∗w∗t (βt ⊗ id)(wγ(s
−1, s))bts
for any s ∈ G, b ∈ B ⊗K. Since (α ⊗ id, wα ⊗ 1) is free, so is (γ, wγ). Hence the
automorphism γφ(t)s−1 is free if s 6= φ(t). Thus b
t
s = 0 for any s ∈ G with s 6= φ(t).
Therefore, for any t ∈ G, there is the unique φ(t) ∈ G such that
btφ(t) 6= 0, ρ(u
β⊗id
t ) = vt = b
t
φ(t)u
γ
φ(t).
By the above discussions, we can regard φ as a map on G. We show that φ is an
automorphism of G.
Lemma 5.3. With above notation, φ is an automorphism of G.
Proof. Let t, s ∈ G. Then
vtvs = ρ(u
β⊗id
t u
β⊗id
s ) = ρ((wβ(t, s)⊗ 1)u
β⊗id
ts ) = ρ(wβ(t, s)⊗ 1)vts.
Since ρ(b) = b for any b ∈ B ⊗ K, ρ(wβ(t, s) ⊗ 1) = wβ(t, s) ⊗ 1. Hence vtvs =
(wβ(t, s)⊗ 1)vts. Thus
btφ(t)u
γ
φ(t)b
s
φ(s)u
γ
φ(s) = (wβ(t, s)⊗ 1)b
ts
φ(ts)u
γ
φ(ts).
Here
btφ(t)u
γ
φ(t)b
s
φ(s)u
γ
φ(s) = b
t
φ(t)γφ(t)(b
s
φ(s))u
γ
φ(t)u
γ
φ(s)
= btφ(t)γφ(t)(b
s
φ(s))wγ(φ(t), φ(s))u
γ
φ(t)φ(s).
Hence
btφ(t)γφ(t)(b
s
φ(s))wγ(φ(t), φ(s))u
γ
φ(t)φ(s) = (wβ(t, s)⊗ 1)b
ts
φ(ts)u
γ
φ(ts).
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We note that the both sided elements in the above equation are the Fourier series
of vts with respect to the approximate unit {Ui}i∈I of B⊗K and that the non-zero
Fourier coefficient is uniquely determined by the above discussions. Thus we obtain
that
u
γ
φ(t)φ(s) = u
γ
φ(ts),
btφ(t)γφ(t)(b
s
φ(s))wγ(φ(t), φ(s)) = (wβ(t, s)⊗ 1)b
ts
φ(ts) (∗∗)
for any t, s ∈ G. Hence φ(t)φ(s) = φ(ts) for any t, s ∈ G and φ is a homomorphism
of G to G. We show that φ is bijective. Let t ∈ G \ {e}. We suppose that φ(t) = e.
By the definition of φ, ρ(uβ⊗idt ) = vt = b
t
eu
γ
e = b
t
e since u
γ
e = 1. By Equation (∗) in
Lemma 5.2,
bteb = (βt ⊗ id)(b)b
t
e
for any b ∈ B ⊗K. Since βt ⊗ id is a free automorphism of B ⊗K, b
t
e = 0. Hence
vt = 0. This is a contradiction. Thus φ(t) 6= e, that is, φ is injective. Also, we note
that (B ⊗K)⋊γ,wγ ,r G is the closed linear span of the set
{bvt | b ∈ B ⊗K, t ∈ G} = {bb
t
φ(t)u
γ
φ(t) | b ∈ B ⊗K , t ∈ G}
This implies that φ is surjective. Therefore, we can see that φ is an automorphism
of G. 
Lemma 5.4. With the above notation, (β⊗ id, wβ) and (γ
φ, wφγ ) are exterior equiv-
alent, where (γφ, wφγ ) is the twisted action of G on B⊗K defined by γ
φ
t (b) = γφ(t)(b)
and wφγ (t, s) = wγ(φ(t), φ(s)) for any t, s ∈ G, b ∈ B ⊗K.
Proof. By the discussions before Lemma 5.3, vt = b
t
φ(t)u
γ
φ(t) for any t ∈ G. Since vt
and uγ
φ(t) are unitary elements inM(B⊗K), b
t
φ(t) is a unitary element inM(B⊗K)
for any t ∈ G. Also, for any b ∈ B ⊗K, t ∈ G
(βt ⊗ id)(b) = vtbv
∗
t = b
t
φ(t)u
γ
φ(t)bu
γ ∗
φ(t)b
t ∗
φ(t) = b
t
φ(t)γφ(t)(b)b
t ∗
φ(t)
= (Ad(btφ(t)) ◦ γφ(t))(b)
And by Equation (∗∗) in the proof of Lemma 5.3,
btφ(t)γφ(t)(b
s
φ(s))wγ(φ(t), φ(s)) = (wβ(t, s)⊗ 1)b
ts
φ(ts)
for any t, s ∈ G. Therefore, (β,wβ) and (γ
φ, wφγ ) are exterior equivalent. 
We give the main theorem.
Theorem 5.5. Let (α,wα) and (β,wβ) be twisted actions of a countable discrete
group G on σ-unital C∗-algebras A and B and A ⋊α,wα,r G and B ⋊β,wβ,r G the
twisted reduced crossed products of A and B by (α,wα) and (β,wβ), respectively.
We suppose that A′ ∩ M(A ⋊α,wα,r G) = C1. If the inclusions of C
∗-algebras
A ⊂ A ⋊α,wα,r G and B ⊂ B ⋊β,wβ,r G are strongly Morita equivalent, then there
is an automorphism φ of G such that (αφ, wφα) and (β,wβ) are strongly Morita
equivalent, where (αφ, wφα) is the twisted action of G on A defined by α
φ
t (a) =
αφ(t)(a) and w
φ
α(t, s) = wα(φ(t), φ(s)) for any t, s ∈ G, a ∈ A.
Proof. Since A′∩M(A⋊α,wα,rG) = C1, by Lemma 3.4, B
′∩M(B⋊β,wβ,rG) = C1.
Also, by Corollary 4.2, A′ ∩M(A) = C1, B′ ∩M(B) = C1 and (α,wα), (β,wβ)
are free. Thus by Lemma 3.1, (B ⊗K)′ ∩M(B ⊗K) = C1M(B⊗K). Furthermore,
by Lemma 4.3, (α ⊗ id, wα ⊗ 1) and (β ⊗ id, wβ ⊗ 1) are free. On the other hand,
since A ⊂ A⋊α,wα,rG and B ⊂ B⋊β,wβ,rG are strongly Morita equivalent, by the
discussions before Lemma 5.2, there is an isomorphism θ of (A⊗K)⋊α⊗id,wα⊗1,rG
onto (B ⊗K) ⋊β⊗id,wβ⊗1,r G such that θ|A⊗K is an isomorphism of A ⊗ K onto
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B⊗K. Let θr = θ|A⊗K and γt = θr ◦ (αt⊗ id) ◦ θ−1r , wγ(t, s) = θr(wα(t, s)⊗ 1) for
any t, s ∈ G. Then by Lemmas 5.3 and 5.4, there is an automorphism φ of G such
that (β⊗ id, wβ) and (γ
φ, wφγ ) are exterior equivalent, where (γ
φ, wφγ ) is the twisted
action of G on B ⊗K defined by γφt (b) = γφ(t)(b) and w
φ
γ (t, s) = wγ(φ(t), φ(s)) for
any t, s ∈ G and b ∈ B⊗K. We note that (γ, wγ) and (α⊗ id, wα⊗ 1) are strongly
Morita equivalent by Lemma 5.1. Hence (αφ ⊗ id, wφα ⊗ 1) and (β ⊗ id, wβ ⊗ 1) are
strongly Morita equivalent. Furthermore, (αφ, wφα) and (β,wβ) are strongly Morita
equivalent to (αφ⊗ id, wφα⊗1) and (β⊗ id, wβ⊗1), respectively. Therefore, (α
φ, wφα)
and (β,wβ) are strongly Morita equivalent. 
In the similar way to the proof of Theorem 5.5, we obtain the following.
Corollary 5.6. Let (α,wα) and (β,wβ) be free twisted actions of a countable dis-
crete group G on σ-unital C∗-algebras A and B and A ⋊α,wα G and B ⋊β,wβ G
the twisted full crossed products of A and B by (α,wα) and (β,wβ), respectively.
We suppose that A′ ∩M(A) = C1 and B′ ∩M(B) = C1. If A ⊂ A ⋊α,wα G and
B ⊂ B ⋊β,wβ G are strongly Morita equivalent, then there is an automorphism of
φ of G such that (αφ, wφα) and (β,wβ) are strongly Morita equivalent.
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